The notion of prime type for right ideals is analogous to that of prime ideal in a commutative ring, and the right dimension of the ring R is defined using chains of right ideals of prime type. The meaning of zero right dimension, finite dimension for right primitive rings, and related topics are studied.
It is easy to see that if R is a commutative ring then an ideal of a prime type is just a prime ideal. By a chain of right ideals of prime type in a ring R we mean a finite strictly increasing sequence PoEPi C • ■ • EPn; the length of the chain is n. We define the right dimension of a ring R, which is denoted by dimr R, to be the supremum of the lengths of all chains of right ideals of a prime type in R: it is an integer ^0, or «s. The left dimension of R, which is denoted by dim¡ R, is similarly defined. The main results in this paper are:
(a) dim, R = 0 if and only if R modulo the prime radical is a strongly regular ring.
(b) dimr R=0 and R is a right noetherian ring if and only if R is a right artinian ring and every right ideal of a prime type is a left ideal.
(c) If R is a (right) primitive ring then dimr R = n if and only if R is isomorphic to the » + 1X« + 1 matrix ring over a division ring.
(d) Every right ideal of a prime type in a ring R is a left ideal if and only if every right ideal of a prime type is almost maximal (refer [3] for definition).
In the sequel, unless otherwise stated, R will always denote a ring with 1 and if F is a nonempty subset of a (right) i?-module M then TL = {r E R I tr = 0 for all/ E T}. 2 . If R is a ring let p(R) be the set of right ideals of a prime type and m(R) be the set of maximal right ideals. Then m(R)Ç.p(R 2.4. Lemma. // p(R)Qm(R) then every nilpotent element of R is contained in rad R.
Proof. Let xER such that xn = 0 for some positive integer n. If xÇJErad R then there exists IEp (R) such that x$zl. Since I is also a left ideal by 2.3, R/I is a division ring. Hence x+I is not a nilpotent element. This is impossible.
2.5. Lemma. Let R'=R/rad R. If p(R)Qm(R) then for any bE\R', br = 0 if and only if rb = Ofor any rER' and (b)x is a two sided ideal.
Proof. We first note that if p(R)<^m(R), by 2.4, there is no nonzero nilpotent element in R'. Let bER'-li br = Q for some rER' then (rb) (rb) = 0. Hence rb -Q. Similarly if rb = 0 for some rE\R' then (br) (br) = 0 and br = 0. Therefore (è)x is a two sided ideal. (c) i?/rad r is a strongly regular ring (i.e. for any a there is x such that a =axa =a2x).
Proof. First we note that if i?/rad R is a strongly regular ring then every principal right ideal of i?/rad R is generated by a central idempotent and every principal left ideal of i?/rad R is also generated by a central idempotent.
Hence every right ideal of R/rad R is a left ideal and every left ideal of i?/rad R is a right ideal. Let P be a right ideal of R which is of prime type. Then P/rad R is a right ideal. Let P be a right ideal of R which is of a prime type. Then P/rad R is a right ideal of i?/rad R which is of a prime type, hence it is a two sided ideal. Now (i?/rad R)/(P/rad R) is a prime ring which is strongly regular. Since a strongly regular ring contains no nonzero nilpotent element, R/P must be an integral domain which is a regular ring. Hence R/P must be a division ring. Thus P is a maximal right ideal of R. Similarly if P is a left ideal of R which is of a prime type then P is a maximal left ideal. Hence the right dim i? = 0 = the left dim R. Now assume (a). Let R' = R/rad R. Then by 2.7, every simple i?'-module is injective. Hence by 2.8, every right ideal of R' is the intersection of maximal right ideals. In particular, if a is a nonzero element of R', then a2R' =r\a<=/i I" where /", aEA, is a maximal right ideal which contains a2R'. If a(£a2R' then a(£la for some aEA and a2EIa-This is impossible since Ia is also a left ideal by 2.3 and R'/Ia is a division ring. This proves that a=a2x for some xER-Since (axa -a)2 = 0, and i?'has no nilpotent element except 0, a=axa=a2x. Proof. Suppose dimr R = 0 and R is a right noetherian ring. By 2.9, i?/rad R is a right noetherian ring which is regular. Hence R/rad R is a right artinian ring (refer, for example,
[4]). Since R/rad R is semisimple, the Jacobson radical J(R) =rad R and it is nilpotent since R is right noetherian. Hence by Theorem (Chase) of [l, p. 189], R is a right artinian ring. If / is a right ideal of a prime type then J2rad R by 2.2 and I/rad R is a right ideal of i?/rad R. Since every right ideal of R/rad R is also a left ideal, I/rad R is a left ideal of i?/rad R and this means that 7 is a left ideal in R. Conversely, assume R is right artinian and every right ideal of a prime type is a left ideal. Let I be a right ideal of a prime type. Since / is also a left ideal, / is a prime ideal and R/I is a right artinian simple ring. Now if xER, x(£l then Ann (x+I) = {y + l\ y ER and xyEl} is of a prime type. Hence by 2.11 the set {yER\xyEl} is a right ideal of a prime type in R and it is a two sided ideal by hypothesis. Thus Ann (x+I) is a two sided ideal in R/I and it must be a zero ideal since R/I is a simple ring. Hence R/I is an artinian integral domain and / is a maximal right ideal which is also a left ideal. Thus dimr R = 0. Any right artinian ring is also a right noetherian ring and this will conclude the proof. is a two sided ideal. Thus C would be a two sided ideal in R/I. This proves that R/I is a right Ore domain. Thus I is an almost maximal right ideal.
4. If R is a commutative ring then R is a field if and only if every ideal which is not R is a prime ideal. In this section, we will prove that R is a simple ring if and only if every right ideal, which is not R, is of a prime type. We will also show that if R is a simple ring then dimr R = n if and only if R = D"+1 for some division ring D.
4.1. Lemma. If every right ideal of a ring R is either of a prime type or R, then R is semisimple.
Proof. Let J(R) be the Jacobson radical of R and assume J(R) ¿¿0. Let x be a nonzero element of J(R). Let I(x) be a right ideal which is maximal with respect to a property that x€£I(x). Then the right J?-module (xR + I(x)/I(x)) is a simple P-module. Hence (xR+I(x))J(R)CLI(x). Since I(x)^R, by hypothesis I(x) is of a prime type. Thus RJ(R)QI(x) and xEJ(R)QI(x). This is impossible since x£/(x). In any case, this means that SEI-Since SCM^R, a supposition that SQI is absurd. Therefore SQJ(R). Since JiR) =0 by 4.1, this means that 5 = 0.
Theorem.
Let R be a iright) primitive ring. Then the following statements are equivalent:
(ii) R is isomorphic to the k + IXb + I matrix ring over a division ring. Example 4.5. If R is a commutative ring then the concepts of almost maximal right ideal, a right ideal of a prime type and prime ideal are all the same. However, in a noncommutative ring they are quite different. In fact, in any right artinian ring the supremum of the lengths of all chains of almost maximal right ideals is exactly zero by 3.4 of [5] . However dimr R could be an arbitrary finite number since any nXn matrix ring over a division ring is an artinian ring which has the dimension » -1.
Example 4.6. Let Z be the ring of integers. Then dim Z = l. Let R = (oz), the 2X2 upper triangular matrix ring over Z. Then dimr R = i since rad R = (oo) and i?/rad R^ZXZ.
However R cannot be isomorphic to a 2 X2 matrix ring over any ring.
Example 4.7. If R is a commutative principal ideal domain then dim, R = l. However, there exists a principal right and left ideal domain whose right dimension is infinite. For example, let F(l-) be the ring of rational functions in £ over a field F of zero characteristic and take F[x, £] to be the ring of differential polynomials in / over F(%). Its elements are subject to the rule at = ta+da/dl-, aEF(%). Then F[x, £] is a simple principal right and left domain which is not a division ring (refer [2] ). Hence by 4.3, the dimension of F[x, £] can not be finite.
